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I. INTRODUCTION

The millimeter wave radios currentiy under development for use
by US. Army personnel may have to transmit information through groves
of trees or be placed within a wooded area for camouflage purposes.
Recent experimental results [VE,SJ] have indicated that such communi-
cation capability is feasible. To support this conclusion this
study was initiated. A theory of millimeter-wave propagation in veg-
etation (forests) using transport theory evolved.

In the millimeter range a forest can be characterized as a
random distribution of particles which absorb and scatter electro-
magnetic energy in all directions. Transport theory accounts for
multiple scattering effects fully but neglects interference phenom-
ena, which is justified by the experimental results. In transport
theory the total field intensity is separated into two parts - the
coherent intensity and the incoherent intensity. The polarization
properties of the coherent component are the same as those of the
incident field, which is taken to be a plane wave impinging upon the
forest; the forest is assumed to be a slab or half-space region.

The incoherent intensity, on the other hand, is described by using
the four Stokes' parameters. The theory, thus, involves a system of
four coupled integro-differential equations for the specific inten-
sity of the incoherent component.

By making reasonable assumption concerning the statistical scat-
tering characteristics of the forest medium, it was found that for
the first of the Stokes' parameters a single, uncoupled equation is
obtained which is identical to the conventional scalar transport
equation. The first Stokes' parameter is the quantity of primary in-
terest since it is, by definition, the total intensity of radiation,
i.e., it represents the sum of the intensities of two orthogonal
polarizations. This being the case, only the scalar transport equa-
tion was needed. The relevant equations are formulated in Section II
for the case of planar geometry and plane wave incidence. These
equations, subject to appropriate boundary conditions, are solved in
Section III. Therein, Chebyshev polynomials are used as basis




functions for series expansions of the diffuse or incoherent inten-
sity. This choice of basis functions reduced two of the three linear
systems of equations which had to be solved to systems of two equa-
tions each. Legendre polynomials have been used in a similar
fashion previously [2Sc]l. The unknown expansion coefficients, how-
ever, are related by continued fractions, whereas the expansion co-
efficient associated with the Chebyshev polynomials are related more
simply (see Equations (25) and (40)). In Section IV power flux den-
sity is defined in terms of intensity and is shown to reduce to trun-
cated series expansions. Numerical results for intensity and flux

are presented in Section V.

II. FORMULATION

A forest is modeled as a slab region (Fig. 1) confined within
infinite planes z = 0 and z = d. Its vegetation is assumed to con-
sist of a random distribution of particles which scatter and absorb
the incident radiation. The vegetation medium is assumed to be
statistically homogeneous and to be characterized by absorption (oa)
and scatter (os) cross sections per unit volume whose dimensions are
meters-l. Furthermore, we assume that the forest medium has an iso-
tropic scatter characteristic, i.e., the average scatter current will
radiate an equal amount of power into each spatial direction. A uni-
form plane wave is assumed to enter the forest from the direction ﬁo
defined by angles eo and bo of a spherical coordinate system (Fig. 1).
The magnitude of the incident Poynting vector or power flux density
is given as So in watts per meters squared and frequency is specified

by Vo in Hertz.

As energy enters the forest it is multiply scattered in all
directions. To describe this phenomena we use the transport equa-
tion (also called the equation of radiative transfer). The transport
equation is essentially a statement of conservation of energy and has
as its dependent variable the quantity called spectral specific in-
tensity I, (r;f). It is written in this manner to indicate that it
is both a function of position r = (x,y,z) and of direction as rep-
resented by the unit vector ﬁ; the subscript v denotes its spectral

nature. To define spectral specific intensity consider an element




of area dA (Fig. 2) whose orientation is defined by the unit normal
vector fi. Assume that radiant power, i.e., energy per unit time 4P
flows in the direction specified by G through the projected element
of area dAl = dA cos 6. The spectral specific intensity at the point
r in the direction Q is then defined by the relationship I (r;Q) =
dP/dAldvdﬂ, i.e., to be the power per unit area in watts per meters
squared, per frequency interval dv in Hertz and per solid angle dfl in
steradians which flows in the direction Q normal to the projected

element of area dAl.

Since the planar geometry and incident plane wave problem de-
picted in Fig. 1 involves a medium (the forest) which scatters radi-
ation isotropically, the spectral specific intensity depends only on
the coordinate z and the directions 6 and ¢ . Since the medium is
linear the scatter field has the same frequency as the incident
radiation. Hencel

~
I, (r; Q) =1 (2;6,¢)8(v=v ), (1)
and the transport equation becomes [0Z, CZ, ISl, Ch]
aI Og 21 W
cos © Iz + 0.1 = e I f I(z;0',¢") sin 6'd6' d4d¢', 0<z<d, (2a)
0 0
where
Ot =04 ¥+ Og (2b)

is the total crcss-section or extinction cross-section per unit volume.
Introducing the normalized quantities

T =02, u=cos b (3a)

and albedo
W= oagg/0, (3b)

allows us to rewrite Equation (2) as

27 +1
+ 1= Tg [ I I(t;u'¢")du'de’, O, (4)
o -1

where To = ctd.

lOnly the coherent component of the intensity depends on ¢; the inco-
herent component depends on z and ¢; see Egquations (13) and (14).




For convenience we separate the intensity I (t;u,¢) into a sum

of two terms (see Fig. 3 and [Isl])
I= Id + I .. (5)

After substituting Equation (5) into Equation (4) I3 is defined to
satisfy the relationship

alq 271

- w '
- AR Bl T (Ig * I,.4) du’ de! (6)
21

and Iri to satisfy the simpler relationship

dIrj _
W7 *t Iy =0 (7

Integrating Equation (7) gives

= . -T/u (8)
Iri(T;u,¢) - Iri(O.H:¢)e .

Comparing Equation (7) with Equation (4) we see that they would

be identical if the integral term were zero. The integral term
accounts for the multiscatter effects of the medium; without it the
transport equation would simply describe the attenuation of energy as
it flows in a particular direction through the medium due to absorp-
tion (oa) and scattering (os) by particles along a given ray path.
This effect is described by the solution given in Equation (8).
Hence, we call I the reduced incident or coherent intensity and we
designate Id, defined by Egquation (6), the diffuse or incoherent in-

tensity since it accounts for multiscatter effects.

To specify boundary conditions required by the slab geometry of
Figure 1 it is convenient to separate the diffuse intensity into two

components, a forward diffuse intensity Id+ and a backward diffuse

intensity I, , where

d

1, ={1a 0<6s m/2  or Ogusl (9a)

L
d 75 <6<7 or -1<u<0 (9b)




Definition (9) is further clarified by Figure 3 wherein the forward
diffuse constituent Id+ is confined to angles of scatter 6 between
zero and ninety degrees (representing energy transport in the positive
T direction) while the backward diffuse intensity Id— ranges over
ninety to one hundred and eighty degrees (corresponding to energy flow
in the negative T direction). Since these components are generated
within the forest we must have

+
Id =0 at =1

0 (10a)
and
.-

a = 0 at =1

T (10b)

o!
i.e., diffuse intensity cannot enter the slab from the exterior
regions.

Recall that we have assumed that a plane wave enters the forest
in direction ﬁo with a power density or Poynting vector magnitude of
So watts per meters squared. The incident intensity in watts per

meters squared per radians squared is then

Io =8, 8(2 - 0,) =85, 6(8-6_)6(¢-6,) = S 8(u-u,)8(e-¢4),

sin 6 (11)

where §(x) represents a Dirac delta function and (60,¢o) are the di-
rection angles of the incident plane wave. From Equations (5), (9)
and (10) we see that intensity in the forward direction satisfies the
continuity condition
= + = = . 12
Io Id Iri Iri at T 0 (12)

Using Equations (8), (l11) and (12) we obtain for the reduced incident
intensity
; =1 e~ T/¥H - - ~T/u, . (13)
I tu,e) =1e S, S(u-u,)6(e-¢,)e

Substituting Equation (13) into Equation (6) and integrating

over ¢ yields transport equations for the diffuse intensity




ar 1 0 ws
et Ig ‘E[jldd“J'JIdd“w* 4"ne/°’
0 -1 (14)
O<u< 1.
17 T o0

The superscript designations (+) identify the appropriate ranges of U
as defined in Equation (9). The two linear integrodifferential
Equations (14) subject to the two boundary conditions, Equation (10),
constitute a complete mathematical statement of the probtlem which will

be treated in the succeeding sections.

III. REDUCTION OF THE TRANSPORT EQUATION TO SYSTEMS OF LINEAR
EQUATIONS
The Transport equations (14) are solved by representing the

diffuse intensities as truncated series expansions of half-range
Chebyshev polynomials

N

15w = BX(t) TX(u), O cucl,

n ~1 0 (15a)

with

+ -
= = 15
Tp=C(w) = T (2) + 1) (15b)
denoting two Chebyshev polynomials of order n which are complete

orthogonal functions over the u domains (0,l1) and (-1,0), respective-
ly. Substituting Equation (15) into Equation (14) gives

N dB (ty . ¢ SN
Flu—gt + BTG =3 T (BB (015
n=0,2 4 n"-1 (16)
+ g? -T/¥o 0<p<1,
‘1

where use was made of the integral evaluations




. - 1 -1 n=0,2,4,...
I T (u) dv = j T (p)du = 3% I T (x)dx =9 n2-.1 °’ A 19

. -1 n 1 0 (17)
0 0 , n=1,3,5,...

Using the recursive formulas

2(2u+1)T (2u%1) = T _,,(20%1)+T _,(2u+l) (18)

to replace the terms uTn(Zuil) in Equation (16) yields

N + N
dBt dB_ )3
.y + n _n_ =
Zj[l'n'u”n-ll—a?* T, [32 @ * % 3} B 0,24, (BB 1CE) Lo,
n=

15 Ty, 0w <1
m -1 0

The orthogonality properties of the half-range Chebyshev poly-

nomials Tﬁ(u) = Tn(zu?l) provide the means to obtain the following
system of 2n+2 coupled first order differcntial equations for the T1-

dependent expansion coefficients Bn(T):

N

dB] dB} 3 Wy ~t/n ,
T 12 _d?+4B0 + 2W [Bn + Bn] (—2_—)— © =0, n=0, ({(20a)
n=0,2,4,
dBB aer  apf
+ 2 +2 —— +4BY = =1
& Y o 4 o 0O, n=1, (20b)
B, + 4By1 + 2dBi +4Bf =0, n=2,3 N-1
dt dt = “drt n=9,n%=223,..., 84 (20c)
dBY ; dByt
B + + = = N
= 2 —— + 4B = 0, n=N (204)




In deducing the above use was made of the fact that T_; = T, and
that the truncated series representations Equation (15) require the
coefficients Bn(T) to be zero for n>N; the latter was used in writing
Equation (204).

Orthogonality of the Tn(2u11) functions is also used to obtain
from Equations (10) and (15) the boundary conditions

+
B (0) =0 21a
n for all n ( )

B,(t,)) = 0. (21b) -
The total solution to Eguation (20) subject to boundary con-
ditions Equation (21) consists of homogeneous and particular solutions

Bih (t) and Bip (t), respectively, i.e.,

Bi(‘r) = B;-;h(r) + Bnﬂ’(r), n=0,...,N. (22)

The coefficients Bih (tT) satisfy the linear system of Equations (20)
with SO set equal to zero while Bip (t) satisfy the inhomogeneous sys-
tem (SO¢O) and have the same functional dependence on t as the forc-
ing function (see Equation (42b)).

A. Homogeneous Solution to Equation (20) (S, = 0)

Since the system of equations (20) involves only first order
derivatives in ¢, homogeneous solutions must depend exponentially on
T. Hence, it may be assumed that, in general, the homogeneous solu-
tion to Equation (20) takes the form

~-1/s

e

N
+h _ +
B (1) —Z 2k k , (23)
k=0

where aﬁl(and s, are unknown constants and integer k accounts for all
’

possible solutions. Substituting Equation (23) into Equations (20)

and (21) gives the linear system of equations




<N + -
+ a + a

- 2(2s,Fl)a; ~2s WY nk DK- o, n=0, (242)
21 k k' 7%,k “°k n'=o,2,..7—:5__1—“ ’ (

+ 1)a¥ t =0, n=1 (24b)
230’12'2(28]""1)31’12' aZ,k ’ ’

+ e t i = = PR N-1 » 240)
al ) ~2(25,%Dag y * 254 x 0, n=2,..., (

and
;o - e S = =N. (24d)

Using the definitions of the Chebyshev polynomials of the
second kind [ASt], the three Equations (24b), (24c) and (244d) yield

expressions for all coefficients in terms of the two coefficients
+

aN'k:
t - %p - + )
an k= 5 Uyp(2s 72y o, 0=0,1,2,...,N, (25a)
1, n=0
o " 2, n%0 (25b)

Substituting Equation (25) into Equation (24a) and utilizing the re-

lationships
Un+1(x) = 2% Un(x) - Un_l(x) (26a)
Tya (%) = % Ug(x) = U o (%) (26b)

result in the simpler system of equations




Alsyla, = 0,

(27a)
where
+ - +
A(s,) = 2105 22 (Sk) N,k
~V Pk a (s+) (S—) Ek - a” (27b)
2(Sk a8k ’ N,k/ '
+ -—
s = 25 *1,  a;(x) = ax)+5 WB(x), ay(x)=s WB(x), (27¢)
SNUN (X
a(x) = T (), B(x) = - Y(x) + zse(x),se(xkzn:;—;—ﬁz:r (27d)
For non-trivial solutions, det A(Sk) = 0; yielding the charac-
teristic equation
Ty (28 ¥ DTy, (25, -1) 45, W [Ty, (25, 41) -UNask-l)+2se(2sk-1§
(28)

+ Tyyq(25,-1) {—U(nglﬁzse(%k*ﬁi)}] =0.

This eigenvalue equation is a polynomial in si with real coefficients
of order N+1 and provides 2N+2 non-zero, distinct, real eigenvalues
Sy = * Sy sm>0, m=0,. . . ,N. Physically, real eigenvalues are to
be expected since the associated eigenfunctions are orthogonal and
their sum represents specific intensity or real power. Combining
Equation (28) with one of the equations of Equation (27) yields for

each eigenvalue Sy *

an k TN+1(Zsk—1)

—_—r = e
ay \ TN+1(2sk+1)

» k = +m, m=0,..., N, (29)

2 +

For k = m, i.e., for positive eigenvalues Sy = sm>0 assume that

a a

+
N.m = ®m TN+1(25m+1), a = constant. (30)

It then follows using kquations (29) and (30) that

aN,m = am TN+1(2sm—1). (31)

10




Combining Equations (30) with (31) gives tor sk=sm>0

i =
aNgm a, TN+1(23mi1). (32)
Similarly, for k = -m, i.e., for negative eigenvalues
Sy =8 = - sy it can be shown that

-m
+
= + = tant. 33
aN,—m a_, N+1(25‘ 1), G constant (33)
Using Equations (32) and (33) with (25) permits Equation (23) to be

written in terms of positive eigenvalues only:

N
B' (1) = é e, Lla, T +1(25,21) Uy (Zsmll)e-T/s

m=0 (34)

m

; . - T/s)
+(=1 Wb Ty, ,(2s F1) Uy_ @s sle /“my, |

In Equation (34) we have used the identity U (-x) = (-l)n U(x) and
have set b = (—l) a_.- Hence, with Equatlon (15) the most general

homogeneous solution to Equation (14) is:

1:th Z' Bi (r) T_(2u%1) (35)

=0

with Bih (1) given by Equation (34).

Simpler expressions for Ifh are obtained by substituting
Equation (34) into (35), interchanging the order of the summation op-
erations and using a closed form expression to replace the series

which is summed over the integer n. The result is

N -
Id i 350 ame m TN+1(25 tl)[ %{M ]
(2s 11)*‘( 1) T+ (2u+1)
N*l N+1
+ b el/s iZs Ty [ == ]
' (36)

11




B. Particular Solution

To obtain the particular solution we assume that Bﬁp(r) has the

same T- dependence as the forcing term in Equation (20a), namely,

D,y _ At -
By (1) = AL e /Yo (37)

Substituting into Equation (20) yields the following linear system

of equations for the coefficients An:

N A;+A' WS
-2(2 uO+1)A0-2powZ( n) + Jo—°=0, n =0, (382)
n —
n=0,2,4,
2A5-2(2u+J)A— A =0 , n=1, (38p)
+ 1A% + AT . = =
A 1 -2(2uFDAC + A . =0 ,n=2, ..., NI, (38c)

and

& -2euFuai =0, o

N . (38d)

Since Equations (38) are identical in form to Equations (24) except
for the forcing term e S W/n they can be solved in like fashlon to

yield the system of two equations for the two unknowns AN

N
Vs Ax 1
A(uo)A-uo—2 1, A= (Aﬁ) »1=04), (39)
where
Af =1 U o2, F
a 2 En (21 +1)A , n=20,1,2,...N, (40)

with € defined in Equation (25b).
The matrlx A (M ) is 1dentlcal to A(sk) in Equation (27b) but with
Sy replaced by u and sk by Mo T 2uo +1. The solution to Equation

(39) involves a 51mp1e 2 x 2 matrix inversion from which it is found
that

12




WS, Tyyp(2n +1)

A o T det é(uo) ’ (41)

=u

2+

where det A(uo) is identical to the left hand side of Equation (28)

but with Sy replaced by My

Combining Equations (37) and (39) with Equation (41) gives the
particular solution

N
1P + =
13 =L BPr) T (20%1) (42a)
n=0
with

*p _ (42Db)
Bn (t) = en

LWS_ T, .(2u_%1)
oo Nl _ o U, (2p 31)e"T/“o.
27T aet é(ugj N-n o)

As was done for the homogeneous solution, the summation over n in
Equation (42a) can be replaced by a closed form expression which re-
sults in

+ - T/y - -
A e Vo w20 F1) - TN+1(2u+1)] (43)

p. [
d 4 gy ~H

+
with AE given by Equation (41).

C. Total Solution

The complete solution for the diffuse intensity is the super-
position of the homogeneous and particular solutions, given either DLy
Equations (35) and (42) or (36) and (43). The unknown coefficients
a and bm are determinedvby application of the boundary conditions in
Equation (21) which we write as

+h +p
Bn * Bn

0 at1=0 for 0 < u <1 (44a)

and

-h -p = = -
Bn + Bn O at 1 TO for -1 < uw <O0. (44b)

13
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Substitution of Equations (34) and (42b) into Equation (44) and
equating coefficients of T, (2u+1l) to zero (these polynomials are
complete for the u-ranges involved) provide the following system of
inhomogeneous linear equations from which to determine the 2N+2 un-

known constants am and bm:

N
S [2mTrs1 (25, ¥ 1)Uy (25 -1)+b (-1 )“TN+1( 25 1)Uy (25 +1)]

=0 +
= &% U (2u1), (45a)
T (25 DU (25 +pe OFM Dy DU (25 _pe'o’S
Z(Emrm m DYy (25, +De + b 1) Ty, 25y +DUy (25 -De o "m
nrF
= ~A-N e-To/uo UN-n(2u0+1) (45b)

with A% given by Equation (41) and n = O,...,N.

Although we have formally addressed only the slab problem, the
above analysis applies in a simple fashion to *he half space problem
(TO = o). From Equation (45b) we see that for 1o all coefficients
bm must be identically zero in order that the system of equations re-
main bounded. Equation (45a) alone yields enough relationships from

which to determine the remaining nonzero coefficients a-

IV. FLUX DENSITY

A second fundamental quantity used in transport theory to de-
scribe power flow properties is the flux density. With reference to
Figure 2 and the definition of specific intensity, the forward flux
density FY(r;f) is defined [Isl] as the amount of power that flows
through the area element dA in all directions 0 < 8 < w/2 where 6 is

measured from the unit vector i normal to the areca element, i.e.,

I(r;Q)2.0 do Q.n = cos 6. (46a)

21 (n/2

F'(r;n) = f { 0
0 0

Flux is in units of watts per meters squared and solid angle df =

sin 6d6d¢. In like fashion, we also define a backward flux density

F~(r;f) in terms of power which flows through dA but in the -A di-

rection, i.e.,

14




- A 2m (m A A A :
F (r;n) = J I I(r;2)0.(-n)dq . (46b)
o “‘m/2

For the slab geometry and plane wave incidence of Figure 1, the
above flux densities depend only on z (or t) and can be written

using Equations (8) and (15) as

F(1) = F;i@)m;u), F (1) = Fy (1), (47a)
where
4 2 .1 2T 1
Fr (1) = uI_, (T;6,u)dude=Se""¥o | s¢s~¢ Yas|
ri rilT: ¢, Hidudo=2 o ¢~¢,)d¢| S(u~u_Iudu
0 o 5
o =t/¥o (47b)
= u0§$ ,
P = [0 [ o :
d J uId(r;u)dud¢ =Z B (1) [ZﬂJ uT, (2u-1)du}, (47c)
0 o n=0 5
and
_ 2m (0 _ N _ 0
Fi(1) = - }f J IS GHduds = -Zo B (D[ 2n [u'rn(zuu)duj, (474)
n= -1

0 -1
" where p has been substituted for 6.

Evaluations of the above integrals can be shown to yield

1 JeE-—r , n=0,24,...
2n fu'rn(zu-l)du = ° _ n“-1 (48)
0 : In € —ig:z , n=1,3,5,...
0 . 4
-Jn , n=20,2,4,...
2n uTn(2u+1)du = o (49)
L a1 3o , n=1,3,5.... .
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(50)

Hence,
<N <N
Fi(t) = - ol ¥ —%—1 BE(1) # -;%—_—43i(r) ,
'n=0,2 4 n=1,3,5, .
N belng either even or

" where the summations terminate at N or N-1,
is given by Equation (22) with B (r) available from

odd and Bi(T)
Equation (34) and B p('r) from Equation (42b).
A convenient way to express the above result after interchanging

the order of the summation is to use the quantities defined in
B(x) and S_(x) along with the odd sum-

Equation (27d), namely a(x),

mation term
N 2 -1
S _(x) Z (n®-4)"" Uy_ (x) (51)
= 3 5: .
so that Equation (50) becomes
Fi' _ m N ¥ + T/S
(1) = "'ZE [amu(xm){B(xa) + 28 (x))e
+ + = ¥ 1/s
+
b a(xm){B(xm) 2 So(xm)}e m ] (523{
u WS
- 3odet ¢ °‘(-V ){B(Y ) + 28 (y yle~T/¥o,
where
* t
X= = 25 +1 =
m y 2u, *1 (52b)
V. NUMER1CMI, RESULTS
is obtained for the diffuse
= o) and

Based on the Chebyshev method, data 1
(To =

intensities and the power fluxes for both the half-space
Selected numerical results for flux incorporate

slab configurations.
a comparison with calculations using first order theory expressions

(see [Isl]).
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As can be seen from Equaticn (4, cxr (1<) ==z forest is charac-
terized by the single parameter W called the albedo, which is defined
in Equation (3b). 1In general, it can vary from zero (no scattering)
to unity (no absorption). We have chosen W to range from a low of
0.25 to a high of 0.95; the former describes a medium which mostly
absorbs energy whereas the latter characterizes a predominantly
scattering environment. A plane wave is assumed to enter the forest
O, 30° and 60° for the half-space geo-
for the slab geometry. The normalized slab

at incidence angles of 60 =0
metry and at 60 = 0°
thickness T, varies from 0.2 to 20. All intensity curves are normal-
ized by setting So/4n equal to unity while all power flux curves are

normalized with So set to unity. These normalizations were chosen to
be compatible with the units of specific intensity which is power per
unit area, per unit solid angle and of power flux which is power per

unit area.

d
and 180° directions, re-

+
d

(1;180°) diffuse intensities in the 6 = 0
spectively, are plotted for the three angles of incidence eo =0,

In Figures 4 and 5, the forward I, (T; 00) and backward I

o

30° and 60° as a function of penetration depth Tt for albedos W = 0.25,
0.50, 0.75, 0.90 and 0.95. For very small 1 values the effect of
multiscattering is small. The flow of energy is mainly confined to
the coherent (reduced incident) intensity (not shown). Soon, however,
multiscattering of the energy takes place. Energy transfers into

the diffuse or incoherent state. It quickly builds up to a maximum,
having started from zero, but then decreases with 1 due to absorption
loss along the longer multiscatter path lengths traversed in going
from 1 = 0 to an observation point 1. Meanwhile, the coherent energy
decreases more rapidly (see e.g. curve 5 in Fig. 15.c) since it loses
energy both due to scattering out of the direction of flow as well as
to absorption losses along the prescribed path. Furthermore, the
maximum forward diffuse intensity is larger and occurs deeper inside
the half-space region for stronger scattering (larger W) media. It
also takes longer for intensity to attenuate and its rate of atten-

uation is smaller when W is larger.

Observe further that the forward diffuse intensity in the
8 = 0° direction i. larger for smaller incidence angles. This can
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be explained by noting that at a given value of T more energy is
available from the coherent intensity Iri to be multiscattered when
00 is smaller. For larger 1 values, the rate of decrease of Is (1;0°)
depends only on the albedo. This follows from the asymptotic solu-
tion (see [CZ]) or from the curves in Figure 4 for W = 0.9 and 0.95
which have constant slopes near 1T = 10 (the asymptotic T range is not
reached for curves with smaller values of W). However, for smaller T
values, incidence angle does influence the rate of attenuation. The
curves in Figure 4 indicate that smaller rates of attenuation are
associated with smaller incidence angles. This also follows from
Equation (43) where the exponential attenuation (exp(-T/uo))is a dom-
inant decay factor; for Mo equal to unity, i.e., for normal incidence
(80 = 00), the attenuation rate in the 1 direction is smaller than

when uo is smaller.

Figures 5 depict the 1 dependence of the normalized (50/4" = 1)
backward diffuse intensity (in decibels) which flows in the 0 = 180°
direction. Again we see that the larger the albedo the stronger the
incoherent intensity which is characteristic of increased scattering
taking place in the forest. Note that the strongest backward diffuse
intensity occurs at the air-forest interface 1 = 0. This was antic-
ipated because only the region to the right of a particular value of
T contributes to the backward intensity Ié at the value T; hence,
since every particle in the entire half-space (T>0) scatters energy,
a portion of which can be assumed to reach the interface, maximum
backscatter intensity occurs there. As in the case of forward scat-
ter, the angle of incidence 90 also affects the amount of energy
which backscatters. We see that for larger 90 less energy travels in
the ® = 180° direction; this is due to the fact that a larger 60 re-
sults in a smaller coherent intensity reaching the depth T in the
half-space region; hence, a smaller coherent intensity penetrates the
region to the right of 1. With less energy available from the coher-
ent energy state and thus for larger 60 less scatter energy flows in

the backward direction.

Figures 6 through 8 are plots of the normalized diffuse inten-
sity (in decibels) versus scatter angle 6 for albedos W = 0.25, 0.50,
0.75, 0.90 and 0.95 and for different penetration depths T. 1In
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Figure 6, I;(T;B)/I;(T;QOO) is plotted for the smaller depths (t=0.05,
0.1, 0.2, 0.5 and 1.0) while in Figure 7, Ig(‘r;e)/I;(T;Oo) versus

6 is plotted for the larger depths (1t =1, 2, 5, 10, 20). 1In Figure
8, Ia(r;e)/15(1;90°) versus 6 is plotted for the three representative
values 1T = 0.1, 1.0 and 10. Also drawn are curves for different in-

cidence angles (86 = 0°, 30° and 600).

Consider first Figure 6. It is immediately seen that for small
penetration depths, maximum intensities flow in directions near 6 =
90°. As t increases, the maxima shift toward the 6 = 0° direction.
Furthermore, for larger albedos the relative peak intensity values
diminish and occur at larger 8 values (compare, for example, curve 5
in Figure 6.a to curve 5 in Figure 6.m). Note also in each figure,
and for the larger T values particularly, that the difference in in-
tensity, as measured from one curve to the next at a given value of
8, decreases for larger albedos, i.e., the curves become more com-
pressed (compare the curves of Figure 6.a to the curves of Figure 6.m
to see this effect). Furthermore, at a given observation point T we
see that as eo increases the relative peak intensity rises and shifts
further away from the vertical; for illustration refer to the t1=1,
90=0° and 60° curves of Figures 6.m and 6.0, respectively. Likewise,
for a given incidence angle 60, as T increases this same shift occurs
as is vividly portrayed in the curves of Figures 7.a through 7.0
where the relative maximum are seen to shift to the 68=0° direction.

Changing eo seems to have a minor effect on this shift in maxi-
mum intensity, but an increase in T plays a significant role. Recall
that a major portion of the energy which scatters in a particular di-
rection 6 through the observation point T comes from the more direct
or shorter paths traversed between a scatterer (hitby the incident
radiation) and the observation point. Evidently, for small 1t and no
matter whether 60 be small or large, maximum intensity flows in di-
rections near the vertical (6 = 900). This results because contri-
butions to the energy flow through the point 1 near the air-forest
interface in directions 60 are overwhelmed by the numerous energy
contributions coming from the many scatterers in the infinite domain
of the thin slab region between the interface (t = 0) and the obser-

vation point T; the bulk of the energy must travel in directions near
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9 = 90°

more energy transfers into the diffuse intensity sooner (i.e., at

in order to pass through 1. For fixed T and for increasing 60

smaller depths 1). Hence, more energy is now available to be scatter-
ed into the 6 = 0° direction to counteract the energy contribution
which enhances vertical flow. However, the contributions in the nor-
mal direction for small T values are small and the effect of shifting
the intensity away from the vertical direction is not strongly felt

until t becomes larger.

For larger values of T, Figqures 7.a through 7.0 show that the
angular distribution of intensity evolves into a narrow beam of radi-
ation directed in the 6 = 0° direction. This can be understood by
again considering a point on the tT-axis, but this time far from the
air-forest interface. The strongest scattered radiation to reach the
observation point 1 is now seen to come from the region adjacent to
the t-axis. This occurs because energy originating there suffers the
least loss (due to absorption) as paths leading to the observation
point from this region are smaller than from elsewhere. In Figures 7
it is seen that for the smaller albedo cases, indicative of larger
absorption losses, beam narrowing occurs at shorter penetration
depths when compared to the larger albedo cases. Hence, the forward
diffuse intensity exhibits focusing into the 6 = 0° direction at

large 1 values regardless of the direction of the incident radiation.

In Figures 8, the relative backward diffuse intensity I;(G;T)/
I;(900;r) versus scatter angle 6 for the half-space problem is seen
to display a maximum intensity flowing in the 6 = 90° direction (ex-
cept for the T = 0.1, 6_ 0° curves of Figures 8.j (W = 0.9) and
8.m (W= 0.95) and the T = 0.1, 6_ = 30° (W = 0.95) curve of Figure

8.n) and to decrease monotonically to a minimum value in the 0 = 180°

W

]

direction. Also, for the small albedo case (W = 0.25) and for in-
cidence angles 60 = 0° and 30° (Figs. 8.a and 8.b, respectively) the
relative backward diffuse intensity is shown to be essentially inde-
pendent of t1; this is also true for thet= 0.10 and 1.0, 60 = 60°
curves of Figure 8.c and for the 80 = 60° curves of Figures 8.f, 8.1,
8.1 and 8.o.

The curves show that as energy progresses through the forest it,

at first, scatters predominantly in the vertical direction and
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eventually proceeds in the forwara normal direction, losing energy all
the time. Backscatter at 1 comes from the entire region to the right
of t. In a small layer to the right of 1, energy is the strongest and
provides the most significant backscatter contribution. This contri-
bution flows predominantly in the near vertical direction. As 6 in-

creases from 90° to 1800, the backscatter diffuse intensity falls be-
cause energy contributions in these directions (from successive layers
to the right of the initial layer) are relatively weaker. Hence, in

these directions, the intensity is less than in the vertical direction
as most figures show and the t-dependence is essentially that of the

vertical direction.

For small 60 observe that the relative backward diffuse intensity
at small penetration depths is larger than at large penetration depths.
However, at larger incidence angles 60 the reverse occurs; less rel-
ative energy flows in the 6 = 180° direction at smaller T values than
at larger T values. At larger angles 60 more energy is lost from the
coherent intensity due to absorption and scatter over a small distance
T than occurs at the smaller angles eo (note that if £ is the path
length, 17 = & cos 60; hence, if 1 is fixed, 2 is larger when 60 is
larger). Therefore, less energy is available to be scattered into
the backward direction when eo is large. For small t, most of the
energy remains still with the coherent intensity and the diffuse in-
tensity strongly scatters near the vertical direction regardless of
60. Therefore, for small 1 we expect the same for the back diffuse
intensity. However, for small angles considerable energy enters the
region to the right of t; the smaller 1, the more energy enters the
larger region to the right of 1 and, therefore, contributes more
scatter energy backward. For sufficiently large 1, the forward energy
flow becomes essentially forward diffuse energy. It is a beam of ra-
diation centered around the t-axis. The strongest backscatter inten-
sity now travels near the t-axis but in the 6 = 180° as path lengths
are smallest in this direction. For larger 60 this effect is reached
sooner in the forest than when 60 is smaller. Hence, we see a strong-

er relative diffuse intensity at larger T values when eo is large.

In Figures 9 through 12 intensity curves are drawn for the slab

problem. All curves are very similar to those we have already
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discussed for the half-space problem. Note in Figure 10 that Ia goes
to zero as T approaches T, as boundary condition, Equation (10b), re-

quires.

Power flux density is plotted versus T in Figures 13 through 20
(using the Chebyshev method). Curves for the half-space problem are
given in Figure 13; the remaining figures depict results for the slab
problem. Values for albedo range from 0.5 to 0.95. A normalization
of incident power flux So equal to unity is chosen for all flux
curves. In Figures 13-17, normal incidence (60 = Oo) is chosen. 1In
the remaining three flux figures, Figures 18-20, 60 is taken to be

forty-five degrees.

In Figure 13.a, the normalized forward diffuse flux is seen to
quickly reach a maximum and then to decay exponentially with 1. The
flux is larger and its rate of decay with T slower when the albedo is
bigger. This is also true for the backward diffuse density curves in
Figure 13.b. Such behavior is characteristic of flux density curves
for the slab problem as well, but a dependence on To enters the prob-

lem. In particular, for small T the flux F; monotonically increases
from zero to a peak value at o (see Figs. l4.a and 15.a for Ty =

0.25 and 1.0, respectively). For larger values of To (see Fig. l6.a
(TO = 5) and Figure 1l7.a (TO = 20)), a maximum is reached and expo-
nential decay then follows. For the slab case, the backward diffuse
flux density F; monotonically increases from zero at T, to a peak
value at the air-forest interface (1t = 0). This latter effect is
reasonable since it shows the flux density to be a maximum in the

backward direction when the entire forest reqion is involved.

For the normal incidence case we see in Figures 14.c, 15.c, lé6.c,
and 17.c the exponential attenuation of both the coherent flux den-
sities Fri and total forward flux densitities Pt F; for different
albedos. The former (Fri) curve 5 in all the figures exponentially
attenuates the most rapidly. This occurs because the coherent flux
density always loses energy due to absorption and out-scattering
whereas the incoherent flux density F+, which also loses energy due
to these effects, gains energy due to in-scattering and hence does

not attenuate as rapidly as Fri' Note that the results for the thick
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slab T, = 20) drawn in Figure 17 are very similar to the results for
the half-space problem presented in Figure 13; of course, the back-

d
whereas it monotonically goes to zero as T » « for the half-space

ward diffuse flux density F, is zero at T = To for the slab problem

problem.

For forty-five degree incidence angles, it is seen from Figure
18 that for small To the coherent flux density is almost constant
over the slab width. 1In addition, forward and backward flux densities
are nearly identical for the two different incidence angle cases 60 =
0° and 45° (compare curves of Figure 14 to those of Figure 18).
Hence, for thin slabs the incidence angle does not affect flux den-
sity very much. For larger vales of To (compare Figure 17 to Figure
20) the effect of changing eo is noticeable, but again, not signifi-
cantly. Observe further that this effect is more pronounced when W
is smaller. This is also true for intensity as can be seen by com-
paring Figure 7.a with 7.e. Recall that a smaller W means less scat-
tering and more abso> *t .on. F; and F; are then smaller at larger 60
since path length i~ larger and attenuation stronger when GO is

larger.

Flux curves are drawn in Figure 21 from calculations based on
the first order theory [Isl]. 1In this theory the forward flux is in-
dependent of slab width Toe Hence, Figures 2l.a and 21.b remain valid
for both the half-space and slab problems. However, slab thickness
does affect the calculation of backward flux density. This is evi-
dent by comparing Figure 2l.c to 21.d and 2l.e. The former shows
F; curves tor the half-space problem with w = 0.5, 0.75, 0.90, 0.95
and 90 = 0° whereas the latter depicts backward flux curves for two
slabs (To = 1 and 20, respectively) with W = 0.5, 0.9 and eo = 0°.
Figure 21.f depicts the coherent flux density (curve 5) as well as
the total forward flux densities as a function of 1, valid for both
the half-space and slab configurations. Evidently, Fri dominates.
The general characteristics of these first order flux curves agree
with the more accurate ones presented previously using the Chebyshev
method and give additional support to the latter theory. Note that
the Chebyshev method yields a more distinctive effect of varying al-
bedo values than does first order theory (as can be seen by comparing
Figure 17 to Figure 21).
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In Tables 1, 2 and 3, all positive eigenvalues of the character-
istic equation are listed. They occur between 0 and 1 except for the
largest one which is larger than unity. For larger W, the largest
eigenvalue is closer to the root of the asymptotic eigenvalue
equation, i.e., tanh (1/Ws) = 1/s (see [CZ]) or [0z]). The larger the
value of W, the larger the value of the largest eigenvalue. The
largest eigenvalue approaches infinity when W is equal to unity.

The smallest eigenvalue approaches zero as N approaches infinity.

VI. CONCLUSIONS

Diffuse intensity curves in the forward and backward directions
were presented for various values of albedo (from a low of 0.25 to a
high of 0.95). A plane wave was assumed to enter the forest at inci-
dence angles of 90 = 00, 30° and 60° for the half-space configuration
and 60 = 0° for the slab geometry. The normalized slab thickness T
varied from 0.2 to 20. All intensity curves were normalized by set-

ting S“/4n equal to unity.

Forward and backward diffuse intensities decayed slower when the
albedo was larger and incidence angle smaller. The strongest diffuse
intensity in the forward direction occurred near 1 equal to unity
while in backward direction the strongest intensity occurred at the
air-forest interface 1 = 0. The maximum forward diffuse intensities
flowed in directions near 6 = 90° for small T. As T and 90 increased
the maximum forward diffuse intensities shifted away from the verti-
cal. The 1T dependence was much more significant than the 60 depen-
dence. We found that for small T, incidence angle 60 did not affect
the maximum forward diffuse intensity. At larger values of T we
found that the angular distribution of intensity evolved into a nar-
row beam of radiation directed in the 6 = 0° direction. For smaller
albedos, beam narrowing occurred at shorter penetration depths when

compared to larger values of W.

With regard to the backward diffuse intensity, a maximum
occurred in the 6 = 90o direction and decreased to a minimum value

in the 06 = 180o direction. For small Tt and small 60 the relative

backward diffuse intensity was seen to be essentially independent of




1. For small 6o the relative backward diffuse intensity at small
was stronger than at large 1. However, at large eo, the reverse

occurred.

Power flux density curves in the forward and backward directions

were presented for various values of albedo (from a low of 0.5 to a
o o)
and 457).

Characteristic of such curves was that for sufficiently wide slabs

high of 0.95) and for two angles of incidence (6o =0

(To>l) the forward flux density F; quickly reached a maximum value

at t=1) and thereafter exponentially decayed as T became larger.
Larger albedos (stronger scattering) were seen to yield slower atten-
uation rates for F;. The backward flux density was observed to reach
its maximum at T = 0 as expected. Dependence of flux on incidence
angles was also examined. Its effect was shown to be pronounced for

smaller albedos.
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Figure 3,
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TABLE

1

EIGENVALUES FOR W =

0.50, N

= 15

Eigenvalues

Asymptotic
Eigenvalue

N=15,W=0,5

0.0024127201

0.0216888460

0.0597271820

0.1153119000

0.1863812500

0.2703143700

" ”

0.3637836200

0.4631488700

0.,5644062200

0.6634577500

]

0.7563703600

” "

0.8391169500

0.9085847400

0.9608198500

0.9934517000

1.0443892000

1,0443819000
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EIGENVALUES FOR W = 0.75, N

TABLE 2.

15

Eigenvalues

Asymptotic
Eigenvalue

N=15,W=0.75

0.0024151615

0.0217681920

0.0600775240

" 0.1162469600

0.1882330600

L'“T

0.2734405900

RN S L

0.3684320600

0.4694660100

0.5723481100:

0.6727326500

0.7664521500

" ”

0.8490449300

" "

0.9171296600

0.9663557400

0.9949324100

1,2894637000

1.,2894634000
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TABLE 3.
EIGENVALUES FOR W = 0.95, N = 15

Eigenvalues Asymptotic
Eigenvalue

N=15,W=0.95 0.0024176029

R " 0.0218328890

" " 0.0603619480

. " ©0.,1170050200

“ " 0.1897284200

. " 0.2759308300

" " . 0.3720490100

" " 0.4741962400

" " 0.5779633500

" " 0.6787787900

" " . 0.,7723188500

" " 0.8540156400

" " 0.9206208700

oo 0.9681477400

" ” 0.9953059400

" " 2.6351487000 2,6351488000
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